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The three-dimensional incompressible Euler equations are expanded in eigenflows of the curl 
operator, which represent positive and negative helicity flows in a particularly simple and convenient 
way. Four different basic types of interactions between eigenflows are found. Two represent an 
"inverse cascade", the interaction familiar from the two-dimensional Euler equations, in which only 
modes of the same sign of the helicity interact. The other two interactions mix positive and negative 
helicity modes. Only these interactions can transport all of the available energy to higher wave 
numbers. Initial conditions, which lead to the appearance of structures and self-organization, are 
discussed. 

I. Introduction 

There is no doubt that from an observational stand-
point turbulent motion is often far away from a state 
of isotropic, homogeneous turbulence. Large-scale 
structures are observed, which are much longer lived 
than one would expect according to the picture of 
energy cascading to larger and larger wave numbers 
[1-2]. During the past two decades, structures in tur-
bulence have been discussed widely [3]. 

Already in 1966, Freymuth [4] observes the growth 
of small disturbances in a separated laminar boundary 
layer with highly regular vortex motions in the non-
linear states of transition. Typically, two adjacent 
vortices rotate about a common axis and coalesce into 
a single structure. Further downstream the regular 
vortices give way to chaotic motion. Winant and 
Browandt [5] also observe adjacent vortices which 
amalgate into a single vortex of a larger scale. They 
suggest "pairing" is the principle mechanism by which 
shear layers grow. This may be associated with the 
noise, an important engineering application. Winant 
and Browandt [5] also observe entrainment of the 
fluid into regions of high vorticity. 

Effects like the confluence of two vortices into a 
larger one are reminiscent of two-dimensional hydro-
dynamics, where under the condition of "negative 
temperature" the same processes occur. They have 
been studied analytically and numerically [6] and are 
well understood. An essential ingredient of the theory 

Reprint requests to Dr. G. Knorr , Department of Physics 
and Astronomy, The University of Iowa, Iowa City, Iowa 
52242, USA. 

is that in two-dimensions (2D) two invariants of the 
Euler equations exist, the energy and the enstrophy 
which are both positive definite [7]. They restrict the 
dynamics of the system in such a way that a so-called 
inverse cascade may result: in order for energy to 
migrate to higher wave numbers, the constancy of en-
ergy and enstrophy enforce also a migration of energy 
to lower wave numbers, which may result in large 
structures in configuration space. 

In three-dimensional (3D) hydrodynamics, how-
ever, the situation is completely different. Vortices 
may change their orientation in space, whereas in 2 D 
the vorticity vectors are always perpendicular to the 
plane, which contains the flow. In 3 D we have the 
so-called vortex stretching term, which vanishes iden-
tically in 2D. Contrary to 2 D with positive definite 
quadratic invariants, there is only one positive definite 
quadratic invariant in 3 D, the energy. An analogy to 
the two-dimensional enstrophy does not exist, but 
another 3 D invariant, helicity may take on positive or 
negative values. On the other hand, helicity vanishes 
identically in 2D. 

For isotropic turbulence, the helicity must be zero, 
because the system is invariant under reflection. For 
helical flows it has been conjectured by Levich and 
others [8-11] that there might be an inverse cascade 
in 3 D, which feeds small-scale energy into large-scale 
coherent structures like hurricanes, cyclones, etc. For 
compressible fluids, Moiseev et al. [12] arrive at simi-
lar conclusions by deriving for the curl of an appropri-
ately averaged flow field, ß , the equation 

0 ß 
— + ^ ( 0 ) V x ß = v V 2 f l , 
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where g(0) is a measure for the skew-symmetric part 
of the velocity correlation tensor. For small enough v 
this equation is always unstable from which the 
authors infer an appearance of coherent structure. 
Lipscombe et al. [13] consider incompressible isotropic 
turbulence and find that it is stable with respect to 
weak mean flow perturbations. 

Moffatt [14] also considers helicity to be an impor-
tant part of the flow and arrives at the speculation that 
high relative helicity should be correlated with low-
energy dissipation and vice versa. Indeed, a numerical 
simulation of channel flow showed that velocity and 
vorticity vectors tend to align in regions of low dissi-
pation [15]. 

In this paper we use a different approach. The 
general time dependent flow is expanded in eigenfields 
which are particularly suited to exhibit the interplay 
between energy and positive and negative helicity. In 
this way we can show that the convective term v • Vt> 
consists of four separate interactions. Two of them 
display an inverse cascade, but for isotropic flows the 
cascading to smaller wave numbers is countered and 
destroyed by the other interactions. There may, how-
ever, be special initial conditions under which inverse 
cascades become dominant, leading to self-organization 
and the emergence of large structures. In the remain-
der of this paper we will review the two-dimensional 
Euler equations (Sect. II) and derive the expansion of 
the three-dimensional Euler equations (Section III). 
The resulting equations of motion are discussed in 
Section IV. In Sect. V two scenarios are described 
which may lead to the appearance of structures. The 
summary and conclusions in Sect. VI conclude the 
paper. 

We consider flows described by the incompressible 
Navier-Stokes equations, 

S» 1 _ — + „ .v®=-Vp +— Vc, F • » = 0, (1.1) 
of Re 

which are characterized by length scales and charac-
teristic times for which the viscous term is unimpor-
tant. Hence we will omit it and work with the Euler 
equations 

dv 
— + v • Vi>= - V p , F • t> = 0, (1.2) 
of 

which we write in the form 

— DX(PXD)= — VP, P = p + \v2, P - » = 0.(1.3) 

Taking the curl and introducing ß = F x », we obtain 

6 
— ß + F x ( » x ß ) = 0. (1.4) 
of 

Because the Euler equations are dissipationless, energy 
must be conserved if the flow is confined, i.e. v • n = 0 
on the boundary F where n is the normal, or » is 
periodic. 

W = ± j v 2 d z = const. (1.5) 
D 

The integral extends over the volume D inside the 
boundary F. In addition there is a second integral, 
valid for the same constraints, the helicity 

H = dr = const. (1.6) 
D 

Whereas W is positive definite, the helicity may take 
on either sign. 

II. Review of the Two-Dimensional Euler Equations 

The two-dimensional Navier-Stokes equations 
have been studied extensively analytically [16, 17] and 
numerically (e.g., Seyler et al. [6]). For a review see 
Kraichnan and Montgomery [18]. We collect here 
some results which demonstrate the striking difference 
between two and three dimensions. Whereas the 
Navier-Stokes equations in configuration space (1.1) 
look the same in two or three dimensions, in trans-
formed space the equation (2.7) for 2 D is much 
simpler than the system (4.1) and (4.2) for 3 D. For the 
latter we count eight different interaction terms on the 
right side under the sum whereas the former has only 
one interaction term. Expanding the curl operator in 
(1.3) and taking into account that in 2 D the curl is 
always directed parallel to the z-axis ez, Q = Qez, we 
obtain 

e 
— fl + » - V ß = 0. (2.1) 
of 

In 2 D a stream function, </>, can be introduced, 

v = V(f)xe:, (2.2) 

so that the incompressibility condition is automati-
cally satisfied. Taking the curl, results in 

V2</> = - ß . (2.3) 



G. Knorr et al. • Three-dimensional Hydrodynamic Turbulence 1061 

Introducing (2.2) in (2.1) gives the scalar equation 

— Q + (VQxV4>)-e„ = 0. 
ct 

(2.4) 

The Eqs. (2.3) and (2.4) form a self-consistent system 
which conserves the two invariants, energy W and 
enstrophy S, 

W = \\v2dx, S = \\Q2 d r , (2.5) 

if the flow is confined or periodic, when the integrals 
are extended over the confined volume or the period-
icity interval. Both invariants are positive definite. 

We introduce periodic boundary conditions and 
write the vorticity as a Fourier sum 

Q(r,t) = X n k ( t ) e x p ( i k - r ) , 
k 

where the (complex) coefficients Qk obey the equations 

— Q. = V M vQ Q , , "fc 1 pq — k p q ? dt p + q = k 

(2.6) 

Introducing complex amplitudes ak = Qk/k, (2.6) 
can be written 

d , , 
— a k = Z c p ^ ^ k ( p z - q z ) a p a q , (2.7) dt p+g=k 

1 pxq • ez 
'p.q, -fc 2 pqk 

(2.8) 

where the cp q _k are invariant with respect to a cyclic 
permutation of its indices. 

In terms of the ak the invariants (2.5) are given by 

(2.9) 

In (2.7) a large number of different terms, say N, act on 
ak simultaneously. We may however imagine, that 
during a small time interval At/N only one term acts, 
however with the N-fold intensity and all other terms 
are "switched off". During the next small time interval 
At/N, another term acts and so on, until all terms on 
the right side of (2.7) have acted. This method is 
known in numerical mathematics as "the method of 
weak approximation" or as "the method of fractional 
steps" or simply "splitting" [19, 20]. One can prove 
that the weak approximation converges to the true 
solution to arbitrary accuracy, if only the time interval 
At is chosen small enough. We make use of this con-

cept and consider one triplet interaction out of the 
many in (2.7), which conserves energy and enstrophy, 

av = c pq-kip -q ) ap aq, 

a-p=cpq_k(p2-k2)aqa_k, (2.10) 
a-q = cpq-k(k2-p2) a_k ap, p + q + {-k) = 0. 

We note that the basic interaction triplet (2.10) is in-
variant to time reversal if also the sign of the ampli-
tudes are reversed. It is easily seen that 

| f l f c l 2 + K I 2 + K I 2 = c o n s t 

and 
k2\ak\2 + p2\ap\2+ q2\a2\ = const. (2.11) 

A further integral is obtained writing 

ak = \ak\ exp(i9k) 

and splitting (2.10) into real and imaginary parts. 
We get 

\akapaq \ \cos 01 = F = const, 6 = 0p + eq-0k. (2.12) 

In this way (2.10) can be integrated and leads to an 
elliptical integral [21-24]. However, as (2.10) is valid 
only over a very small time, we will not write down 
these results. A very simple representation of the 
energy flow of the interaction (2.10) is obtained by 
introducing energy quantities wk = \ak\2, wp = \ap\2, 

— \ a
q \2 , with which (2.11) becomes 

wk + wp + wq = 2W = const, 

k2 wk + p2 w + q2 w = 2 $ = const. (2.13) 

These equations are mathematically identical with the 
equations for a spinning torque-free top [25], 

In a space with wfc, wp, wq as Cartesian axes, the 
equations (2.13) represent two intersecting planes 
(Figure 1). Any change of energy must satisfy 

öwk + 5xvp + öwq = 0, k2 öwk + p2 öwp + q2 öwq = 0, 

or 

öw e = 0, <5w-s = 0, <5w = ((5wk, <5wp, <5w?), 

* = (1,1,1), s = (k2, p2, q2). 

The system point can only move along the direction 
e x s , so that the energy changes become explicitly 

<5wk = (q2-p2)f(t) dt, 

öwp = (k2-q2)f(t) St, 

öwq = (p2-k2)f(t) dt. 

(2.14) 
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Fig. 1. The trajectory of the interacting triplets (2.12) is repre-
sented in the energy space wp , wq, wk. The system can 
move only along a straight line, the intersection of the plane 
W = constant and S = constant. 

/ ( f ) is obtained from (2.10) and is given by 

/(*) = - ' * V l/wfcw w cos e, / ( t = 0) = 0. (2.15) 
pqk 

The energy transfer from one mode to another of the 
triplet is proportional to /(f) . We note that for certain 
phase relations, namely when 

e = ep + dcl-dk = ±^ + nn, n = 1 ,2 , . . . , 

the energy transfer is blocked. 
Choosing the magnitudes | p | 4= I q | and keeping 

them fixed, but varying the angle y (compare Fig. 2) 
and thus k, we note that 

pxq e. sin y 
pqk k 

\ 
\ 

Fig. 2. The magnitude of the wave vectors p and q are held 
fixed, but the angle y formed by the two vectors may vary, 
which in turn varies the magnitude of wave vector k. 

has a maximum for a = rc/2. The interaction term (2.8) 
considered as a function of | k | is then greatest. On the 
other hand, triangles degenerating into a straight line 
have zero interaction strength. We may say "fat" tri-
angles represent large, "slim" triangles weak inter-
actions. 

The square root term in (2.15) indicates that / ( f ) is 
proportional to the amplitudes \ap aq a_ k | . Three dif-
ferent time scales are obtained. The fastest is between 
three highly excited modes. We are mainly interested 
in energy transfer between two highly excited modes 
to a third mode whose excitation level is 0(e). It is on 
this time scale that we will observe the growth of 
structures if the transition is unstable. If one highly 
excited mode transfers energy to two modes, each 
with excitation 6>(e), we will obtain a time scale 0{z2). 
Finally, if none of the modes is excited, the process is 
unimportant and can be neglected. 

It should be stressed that the magnitude of / ( f ) 
characterizes the speed with which energy is trans-
ferred. Numerical solutions of the triplet (2.10) show 
this very clearly: whenever one or two amplitudes are 
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Fig. 3. An energy transfer from k to q is only possible if 
simultaneously energy is also transferred from k to p, where 
p<k<q. 

zero, the rate of energy transfer is zero. The time scale 
defined by f(t) may be quite different from another 
characteristic time, let us call it the amplitude time 
scale, which characterizes the growth of one mode. In 
order to obtain the amplitude time scale we differen-
tiate the third of the Eqs. (2.10) and insert the first two. 
The result is 

ä.„ = I c f f a 2 - * 1 ) « * 1 - , . 2 ) | a j 2 + (p2-q2) |a, |2] a.r 

=y2"-p-

y is the instantaneous amplitude time scale of a_p. 
For p<k<q, y 2>0, let \ak\2 = 0(\), \ap\2 = &{e), 

and \a \2 = (9(e), where e<^l. We find 

= \c\\/(q2-k2)(k2-p2)\ak\2>0. 

If | a, |2 = 0(1), we have 

y = \c\\/(q2-k2)(k2-p2)\ak\2-(q2-p2)\aq\2. 

In the first case y is always >0 ; the system is unstable 
and the mode p grows exponentially. In the second 
case the radicant may become negative if | aq \2 is large 
enough and then the system performs small-amplitude 
oscillations around the equilibrium state. The system 
is stable. | y | may however be large in both cases. 

The energy and enstrophy conservation is con-
tained in the factors (q2 — p2), etc. in (2.14) and is 
shown in Figure 3. If energy cascades from k to the 
larger q, some energy also has to flow to the smaller 
wavelength p. Because of the time reversibility, energy 
can also flow from p and q into k. However, there are 
more <j-states than p-states, because q>p. On the 
statistical average energy tends to occupy the states 
with larger wave numbers where eventually the energy 
is dissipated by viscosity. Concomitant with this "reg-
ular" flow of energy is the energy flow to lower wave 
numbers. We define this process to be an inverse cas-
cade. It was first discovered by Fjortoft already in 
1953. Seyler et al. [6] demonstrated for a system, trun-

cated at a maximum wave number, that under certain 
initial conditions, the inverse cascade may result in a 
concentration of energy at the lowest possible wave 
number. Numerical simulations show the develop-
ment of two big vortices of opposite sign giving clear 
indication of the self-organization of a two dimen-
sional flow. However, Seyler et al. also showed that this 
must not always be the case but depends on the initial 
conditions. Using methods of statistical mechanics, 
the case of strong self-organization was shown to 
possess a "negative temperature". A partition function 
can be derived, given by 

Z = n z v , Zv = (ß + oik2) 

from which follows the energy 

1 

and the enstrophy 

?) N k2 

— in Z = X 
dot v= i ß + otk2 

(2.16) 

(2.17) 

(2.18) 

We order the available k-\alues, so that 

k 2 ^ k 2 ^ k 2 ^ . . . . (2.19) 

The ratio of enstrophy to energy is then given by 

W ~ k o 

k\ ß + oik2 k\ ß + otk2 k2 ß + otkI 
k2 ß + xk2 kl ß + ak2

2 k2
0ß + xk2

N 

ß + otkl ß + ot kl ß + otkl 
1 + - V + ~ ?-+••• + 

ß + oikl ß + <xk\ ß + «kN (220) 

With (2.19) and (2.20) one can convience oneself that 
S/W is a monotonically increasing function of ß. For 
ß = 0, (2.20) becomes 

1 N 1 ) 

We have a negative temperature case if 

W <[<k-2>r (2.21) 

The inequality (2.21) is a criterion which does no 
longer have any reference to statistical mechanics. We 
expect the development of structures if condition 
(2.21) is satisfied and the structures can be seen the 
more distinctly the larger the margin by which in-
equality (2.21) is satisfied. 
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III. Expansion of the Three-Dimensional 
Euler Equations 

In an expansion which is often used (compare, e.g., 
Leslie [26]), one uses a Fourier representation of the 
incompressible flow 

»(»-) = Z v(k) exp(i k • r), v(k) k = 0 
k 

and inserts it into (1.2). One obtains equations for the 
components r (Ar), 

v(k) = -ik \ (I-kk), (3.1) 

where the symmetric tensor V is given by 

V = I X (®(p)r(*) + »fo)r( |0). (3.2) 
p + q = k 

Using index notation for Cartesian coordinates, with 
Vi(q) being the i-th component of the Fourier com-
ponent of the mode q, (3.1) becomes 

vv(k) = Mvji V^k) (3.3) 

with 
Vij{k) = \ X {Vl(p) Vj(q) + VJ(q) Vi(p)\ (3.4) 

p + q = k 

and 

M,Jt — i {A, («„ + ( i „ ~ (3.5) 

This way of writing the Euler equations is concise, but 
it is difficult to interpret them physically. In particular, 
(3.3) to (3.5) do not exhibit clearly the conservation of 
energy and helicity. 

In quantum mechanical perturbation theory, one 
often spans the Hilbert space by eigenfunctions of the 
stationary, unperturbed Hamiltonian because this 
representation is particularly well adapted to a num-
ber of problems. Even though the Euler equations are 
very different and in addition nonlinear, one might 
think of spanning the Hilbert space of incompressible 
flows in terms of stationary solutions of the Euler equa-
tions. Equation (1.4) shows that if 

Q=V xv = Lv = AV, (3.6) 

öß/0f = O or F x t> = ß = constant in time. Together 
with F • v = 0 and boundary conditions, the velocity 
field can be constructed which is also independent of 
time. Therefore, solutions of (3.6) offer themselves 
naturally to span a Hilbert space for all incom-
pressible flows, if the set of solutions is complete. In 
general A in (3.6) may still depend on spatial coordi-
nates. However, if A is constant, we have, again in 

analogy to quantum mechanics, an eigenvalue prob-
lem. 

The helical decomposition has been first introduced 
by Lesieur in 1972 and is described in Lesieur [27]. 
Helical turbulence has been studied, among others, by 
Kraichnan [28] and Andre and Lesieur [29]. We define 
an inner product of two vector fields u and v by 

<t>,w> = J r*( r ) -«( r )d 3 r . (3.7) 

Then it is easy to see that the curl is a formally self-
adjoint operator, and a self-adjoint operator if 

J r*x«-i id<T = 0, (3.8) 
r 

where the integral extends over the boundary of the 
simply connected volume and n is the normal on the 
boundary. 

We find 

<», L « ) = J »* • F x u d3r 

= j F • ( axu*)d 3 r+ J(Fxt>)* • u d3r 

= (L v, u} — j v* x u • n da , 

which shows that the curl is formally self-adjoint. The 
surface integral (3.8) vanishes for periodic flows and 
the integrand vanishes identically if at the boundary 
unique tangential directions are prescribed for all 
flows. Under these conditions the curl is self-adjoint. 
The flow can then continuously be connected to other 
fields, which may be of a different type, for example, 
non-helical or laminar (compare, e.g., Lüst and 
Schlüter [30]). 

From the self-adjointness of the operator L in (3.6) 
follows immediately that all eigenvalues / are real and 
that the eigenfunctions for different X are orthogonal 
to each other. Further, we note that (3.6) is invariant 
to the substitution 

v -» — r, / —> — A. 

Eigenvalues appear always in pairs, a positive and a 
negative one, and to these are associated two eigen-
flows vi (r) and vJ (r) such that 

Vxvt{r) = ±\A\vt(r), (3.9) 

where the v 1 are orthonormal so that 

< > r , ^ > = < ^ and O ± , r * > = 0. (3.10) 

The geometrical significance is evident: to each helical 
flow described by a right-handed screw there corre-
sponds a mirrored helical flow described by a left-
handed screw. 
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It is well possible that eigenflows are degenerate, i.e., 
two or more different flows may correspond to the 
same eigenvalue. As is well kown, the flows can be 
chosen in such a way that they are orthogonal. Taking 
the scalar product of (3.9) with [rf (r)]* and integrating 
over the volume results in 

H 
— = + W 

A solution of the Euler equations described by one of 
the eigenflows (3.9) has a helicity over energy ratio 
given by the sign and magnitude of its eigenvalue. 

Taking the curl of (3.9) and using the incompress-
ibility condition results in the vector Helmholtz equa-
tion [31]. 

V2t> + A2t> = 0. (3.11) 

In solving (3.11), care has to be taken that v is diver-
gence free. This is accomplished automatically by 
defining a vector potential A by V x A = v and letting 
A satisfy (3.11). Functions, which are solutions of (3.9) 
or (3.11) have been used for various purposes in the 
literature [30, 32-36], 

For our purposes it is sufficient to consider the 
simplest solutions which are closely related to conven-
tional Fourier modes. We take a large cubic box of 
side length L and impose periodic boundary condi-
tions on a flow described by 

v = Z K «k
+ + ak uk) exp(ik • r). (3.12) 

K 

Reality of the flow requires 

(u±k)* = u±, 

(a±_k)*=af. 

uk exp (ik • r) satisfies (3.6), from which follows 

ik x uk = ± Xkuk . (3.13) 

Here and in the following the subscripts k, p, and q 
denote wave vectors rather than spatial indices. It is 
clear that only a complex vector can satisfy the equa-
tion. We find as a solution 

1 
(bk ± ik x bk), (3.14) 

where k is the unit vector in the ^-direction and bk is 
an arbitrary unit vector which satisfies the incom-
pressibility condition 

From the choice of orthogonal eigenflows follows 

«£•(«*)*= 1. uk ' (uk)*~ (3-16) 

With 

bk = b_ k , (3.17) 

the reality conditions are satisfied. 
The solution (3.13) is determined only up to a com-

plex phase factor exp(i(j)k), where (f)k can arbitrarily be 
chosen. 

From (3.13) and (3.14) we find 

A, = 1*1 (3.18) 

In order to obtain a better understanding of the 
flow represented by (3.14) we let k point along the 
z-axis of a Cartesian coordinate system and put 

Then (3.18) becomes 
1 

vr = 

k b, = 0. (3.15) 

With ak =y^2A this corresponds to the real flow 

v(x, y, z) = A (cos kz, + sin fez, 0). (3.19) 

The flow lines are straight lines in the plane z = z0 and 
as z0 increases, the direction of the flow lines rotates 
(compare Figure 4). 

Adding three orthogonal flows (3.19) together by 
permuting the coordinate axes, we obtain 

r(x, y, z) = (A cos kz + C sin ky, 

B cos kx + A sin kz, C cos ky + B sin kz). 

This is the so-called ABC flow which has been recently 
the subject of an extensive investigation [37]. 

Our representation of eigenmodes of a hydrody-
namic flow corresponds to the representation of circu-
larly polarized waves in optics [38], whereas the stan-
dard Fourier representation in hydrodynamics corre-
sponds to linearly polarized light waves. Superposition 
of right and left circularly polarized modes produces 
linearly polarized modes in optics and hydrodynamics. 
For the latter the helicity is then zero. The analogy ends 
if we consider interactions of modes. In optics the inter-
actions are essentially linear, in hydrodynamics essen-
tially nonlinear. There is - at least in linear optics - no 
analogy of the mixing and cascading of modes which 
we observe in hydrodynamics. 

It is easy to demonstrate the completeness of the 
eigenvectors (3.14). The most general divergence free 



1066 G. Knorr et al. 

Fig. 4. The simplest helical flow as described in (3.21). The 
flow satisfies Vxv = Av. 

vector field can be written in the form 

® = —7= Z (£k h + lkkx bk) exp (ik • r). (3.20) 
l /2 fc 

and r\k are arbitrary complex numbers and satis-
fies (3.15). Substitution of 

1 
Zk = + ak, qk = —- (ak

+ - afc ) 
1 

and use of (3.15) leads directly to (3.14). 
The null space of the curl operator in (3.6) contains 

all flows with vanishing vorticity which are consistent 
with the boundary conditions. From F x v = 0 follows 
v= — V</>, and the potential </> satisfies V20 = O. These 
flows are potential flows and satisfy the Laplace equa-
tion. 

Periodic flow in a cube enforces the form 

= r • V 0 + X >Ak exp(z'/c'»"), <A* = const. 
k 

Fig. 5. An example of energy transfer which conserves energy 
and helicity without any "inverse" cascade. 

The Laplace equation gives 

k 2 ^ k = 0. 

The condition ij/k = 0 describes a homogeneous flow, 
which can be removed by a Galilei transformation. We 
conclude that for nonsingular flows and periodic 
boundary conditions, the null space of the curl con-
tain only the null vector. 

The invariants energy and helicity (1.4) and (1.5) can 
now be expressed by the coefficients ak , using (3.12), 
(3.7) and (3.18): 

' + I aL 

H =\Zk(\ak
+\2-\ak\2). (3.21) 

By expansion of the vector field v in eigenfunctions 
of the curl, each ak or ak is uniquely associated with 
a specific sign of the helicity. However, contrary to the 
two-dimensional case the conservation laws do by no 
means enforce an inverse cascade. Let, for example, 
energy be initially centered around wave number k 
with positive helicity as in Figure 5. Assume that after 
some time one-half of the energy has been transformed 
to energy with negative helicity, centered around p 
and the other half has been shifted to wave number q. 
Energy has been trivially conserved and helicity con-
servation gives q — p^2k. No energy has migrated to 
larger structures. The global conservation theorems 
do not favor per se self-organization. 
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We insert ansatz (3.12) into the Euler equations, 
select all terms with exp (ik • r) and get 

ti ti + ti »k ~ I {qti ti Vp x ® + + qa~ a + v~ x v + 
p + q = k 

-qap a~ vp x v~ - qa~ a~ v~ x » " } = -ikPk. 

The sum extends over all vectors q and p for which 
p + q = k. p and q being dummy indices, we add the 
sum with p and q interchanged, correcting the duplica-
tion by a factor 1/2. Also, we take the inner product 
with vk and vk, respectively, taking into account their 
orthonormality. This procedure results in the equa-
tion of motion for äk: 

ti = \ Z {(p~q)[~ti ti + a ; a- M ""+J 
p + q = k 

+ (P + q)i-ti ti MpA+ti ti Mpq
+-k\}, (4.1) 

ti = i X {(P ~ q) I- ap aq M~~ZZk + a^ ti MU++~k] p + q = k 
+ (p + q)[-a; aq

+ Mpq
+Sk + < a ; M + V J } , (4.2) 

The interaction coefficients M are scalar triple prod-
ucts of three eigenvectors (3.14), 

= (4.3) 

with = ± 1, i = p, q,k. 

All combinations of ( + ) and (—) occur in the upper 
indices of the M. The M are invariant with respect to 
cyclic permutations of the upper and lower indices 

irlpq-k q — kp lrl-kpq (4.4) 

but change sign if two pairs of upper and lower indices 
are interchanged: ^ 

S<* S k = — — — — _ 1 *pq~k x,1qp-k 1 *~kqp lr±p—kq 

The interaction constants are in general complex 
because the vectors vk are complex and undetermined 
up to a phase factor, which, if necessary, can be fixed 
by an appropriate definition. We are therefore only 
interested in the moduli of the M, which are calculated 
in the appendix and given by (compare Figure 6) 

I M W ' | = K p s i n ocp + / f sin a, + S_k sin a k | . (4.6) 

With the lower indices held fixed, all M with mixed 
upper indices are smaller than those with only plus or 
minus signs, e.g., 

Fig. 6. Definition of quantities entering the interaction term 
I M t ' / -k = I s in ap + sin aq + S_k sin afc |. 

In order to interpret (4.1) and (4.2) we imagine again 
that all interactions except for one triplet are turned 
off during a very small time At, then another triplet is 
turned on, etc. We realize that we have four basic 
different interactions. They are: 

1. Interaction I + ; three positive helicity modes 
interact: 

I + : 2ak
+ =-(p-q) ti ti Mpq-k. 

2ä+_p=-(q-k) aq
 a-kMq-kp, 

2 ä l , =-(k-p) a+k a; Mtkpq . (4.8) 

They satisfy the invariants 

\ti \2 + \ti \2 + \ti |2 = 2 I F = const, 

k\ak \2 + p\ap \2 + q\aq | 2 = 2 H = const. (4.9) 

2. Interaction I"; three negative helicity modes inter-
act. This interaction is the mirror image of I + . 

I~: 2äk = (p — q) a~ a~ M~~Sk, 

2aZp = (q — k) a~ aZk Mq~kp, 

2 ä Z q = ( k - p ) aZk a~ MZk;q, (4.10) 
with 

Iak \2 + \a~\2 + \aq\2 = 2W= const, 

— k\ak\2 — p\ap\2—q\aq\2= 2 / / = const. (4.11) 

3. Interaction I I+ ; two positive and one negative 
helicity modes interact. 

II + : 2 ti =-(p + q)a;aqMp
+-+

k, 

2älp= (q + k) aq atkM( q-kpi 

I A C I < I I = I MpqZ~k |. (4.7) 2älq=-(k-p)alk ap M ++--kpq • (4.12) 
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with 

\ak \2 + \ap \2 + \a~ \2 = 2W = const, 

k\ak \2 + p\a+\2-q\a;\2= 2tf = const. (4.13) 

4. Interaction I I" ; two negative and one positive 
helical mode interact. This interaction is the mirror 
image of interaction I I + . 

I I " : 2dfc
+ =(p — q)a~a~ M~~_+

k, 

2 aZp ={q + k) a~ atk Mq_+
k~ , 

2alq =-(k + p) ak
+ a; Mtkp~q, (4.14) 

with 

Iak |2 +1a; |2 +1a~ |2 = 2 W = const, 

k\ak \2 — p\a~ \2 — q\a~ \2= 2 H = const. (4.15) 

The relations (4.8) to (4.15) are displayed graphi-
cally in Figure 7. In the first column is listed the name 
given to the interactions. There are four physically 
different interactions I + , I - , I I + , I I - . In the second 
column the pertinent energy equations for the triplet 
are written down as well as the expressions for the 
energy and helicity. The third column contains the 
graphical representation of these equations and the 
associated flow of the energy. The triplet equations are 
time reversible. Thus the arrows of the energy flow in 
the figures may as well point in the opposite direction. 
The fourth column finally contains remarks on note-
worthy properties of the interactions. 

It is now not difficult to prove constancy of energy 
and helicity from (4.1) and (4.2). Multiply (4.1) with 
alk, (4.2) with aZk, add the equations, sum over k and 
add the conjugate complex. The resulting sum on the 
right-hand side decomposes into annihilating triplets 
and vanishes, so that we get the first equation (3.21). 
Corresponding arguments hold for the helicity, for 
which we obtain the second equation (3.21). 

We discuss now the basic interactions I 1 and I I ± . 
They are time reversible, so we may confine ourselves 
to consider transitions with one donor and two receiver 
modes, without limiting the generality of the argu-
ment. Using the same methods as in the two-dimen-
sional case, we derive for the energy transfer for I + : 

w; = - ( q - k ) f ( t ) , 

*: = - ( k - p ) f { t ) , (4.16) 

/ ( 0 1 / w » ; I M | C O S e , e=ep+eq-9k. 

Let us assume vvk
+ < 0, \vp , wq > 0. Then follows for 

/ ( f ) > 0 from (4.16): p-q>0, q-k<0, k-q<0, or 
q<k<p. For / < 0 follows p<k<q. In other words, 
the donor mode (if there is only one) is always in 
between the two receptor modes as shown in Figure 7. 
As an example take q = 3, /c = 4, p = 5. Then the 
energy transfer rate to q is | vv^/vv^l = 1/2 and to p is 
| wp /\vk | = 1/2. Consider a distribution of energy 
along the one-dimensional wave number axis. Then 
the "center of energy" is left invariant by triplet inter-
actions of the form (4.16). 

The interactions I* represent an inverse cascade: if 
energy flows to a larger wave number, some energy 
must also flow to a shorter wave number in order to 
conserve helicity. This interaction is similar to the 
(only) interaction term in two dimensions. However, 
in 2 D we find the square of the wave numbers as 
coefficients, whereas in 3 D it is only the modulus of 
the wave number. 

We also note that the interactions I 1 take place 
only between modes with the same sign of the helicity. 
There is no "mixing" of positive and negative helicity. 
If most of the energy is trapped in the smallest possible 
mode of the system, the interactions I + are unable to 
remove it from there. 

The interactions I I + are characteristic for three-
dimensional flow. There are no analogous terms in 
2D. The significant difference to the interactions I* is 
that in the helicity conservation for a triplet the factors 
k, p, q, do not have the same sign (it is equal to the sign 
of the helicity index of the respective energy). 

Interaction I I + is characterized by the energy trans-
fer equations 

=~(p + q)f(t), 

K =(q + k)f(t), 

K = - ( k - p ) f ( t ) , (4.17) 

/ ( 0 = Y w k vv~ | M | cos 9, 9 = 9p + 9q-9k. 

Assuming vvfc
+<0, vv ,̂ vv~>0, we find / ( f ) > 0 and 

obtain the condition k<p, and q satisfies q= —p + k. 
If q>k as shown in Fig. 7, all energy cascades to 
higher wave numbers. As an example put k = 4, p = 5, 
<7 = 6, and let k be the donor mode. Then the p and q 
modes receive the following fractions of the energy: 
|vv;/vv+| = 10/ l l and |vv;/vvk

+ | = 1/11. 
In the example p>k. However q may also be chosen 

smaller than k. Then this interaction lets energy again 
flow to smaller wave numbers. Let k = 4, p = 5, 
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T Y P E EQUATIONS GRAPH R E M A R K S 

K = -(P - q)M 

w; = -(q - k ) f ( t ) 
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FX1 P s ^ 
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I 

yjk = ~(P ~ ?)/(*) 

ü; =(q- k ) f ( t ) 

Wq — (k — p ) f { t ) 

© 

p k q 
INVERSE CASCADE 
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n + 

w+ = ~(p + q)f(t) 

tip ={q + k ) f { t ) 

= - { k - p ) f { t ) 

© k P 

^ ^ k < P 

© c i 

T h e magn i tude of 
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q= | k - p | . 

n + 

w+ = ~(p + q)f(t) 

tip ={q + k ) f { t ) 

= - { k - p ) f { t ) 
q 

REGULAR OR INVERSE CASCADE 

T h e magn i tude of 
q is restr icted by 
q= | k - p | . 

n " 

wt = ( p - q)f(t) 

w~ =(q + k ) f ( t ) 

yj- = - ( k + p ) f { t ) 

© ^ 

T h e magn i tude of 
k is restr icted by * = |p + q|. 

n " 

wt = ( p - q)f(t) 

w~ =(q + k ) f ( t ) 

yj- = - ( k + p ) f { t ) 

© ^ ^ P 

REGULAR OR INN 

p<q 

q 
/ERSE CASCADE 

T h e magn i tude of 
k is restr icted by * = |p + q|. 

Fig. 7. Graphical display of the four different interactions of the Euler equations, which have been brought into the form (4.1) 
and (4.2). 

q = 3. k is again the only donor mode and we get 
|w;/vvfc

+| = 7/8 and | w+/wfc
+ | = 1/8, i.e., 88% of the 

transferred energy flows to larger wavelengths. (4.17) 
indicates that one of the positive helical modes is al-
ways donor, the other receptor. It is thus not possible 
that the negative helicity wave is the only donor, and 
all the possible transitions are covered in the graph of 

Fig. 7 with the proviso that q= \p + k\ and the arrows 
may be reversed. 

We note that the moduli of the type II coupling 
constants M are in general smaller than the ones of 
type I becaue the <Ts in (4.6) have not all the same sign. 
Type II interactions bring about a mixing of positive 
and negative helicity. If initially there was only, say 
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positive helicity, then, in the course of time, negative 
helicity will be generated in such a way that the total 
helicity will be conserved. 

I I - is again the mirror image of II+ and our re-
marks apply mutatis mutandis to that interaction. 

V. Two Hydrodynamic Scenarios 

In this paragraph we would like to speculate in a 
nonrigorous way, how self-organization can take 
place in a flow. We consider an initial value problem, 
assuming that during the time of observation the 
action of the viscous terms are negligible, at least for 
those modes which are important for self-organization 
and whose wave vectors are sufficiently small. 

The first case is a configuration which is almost two 
dimensional. "Almost" means here that the existing 
structures have very little variation, along the z-axis. 

say. Consequently, the distribution of excited modes 
in k-space is flat, like a pancake, with the /c.-axis being 
the normal on the pancake, as in Figure 8. The vortic-
ity is almost perpendicular to the flow, so f / % 0 and 
positive and negative helicity is evenly distributed. 

Let the pancake distribution have a hole in the 
middle so that it looks like a slice of canned pineapple. 
We look into triplet interactions which have an energy 
time scale C°(s). For this to be true only one amplitude 
may be of order e in a triplet interaction whereas the 
two others must have a substantial excitation level. 
However as these mode vectors lie almost in a plane, 
the z-component of the third vector must also be 
small, assuming a "fat" triangle of interacting vectors. 
It follows that initially the interactions are also almost 
two dimensional. Under these circumstances we have 
an inverse cascade which tends to fill in the hole in the 
pineapple slice. In configuration space this corre-
sponds to the growth of structures. Eventually the 
modes with larger components along the k,-axis will 
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develop, the structure will become fuzzy and fade 
away. In the case described the helicity may be small. 

In the second case we assume that the excited 
modes are all of one, say positive, helicity and that 
negative helicity modes are not excited. As in case one 
the small wave number region is void of energy. By 
means of the I + interaction, this region can be filled 
up, which corresponds to the evolution of structures 
in the turbulent medium. The energy transfer charac-
teristic time is (9(e). This process is similar to the two-
dimensional inverse cascade, however, in 3 D there are 
the two counteracting processes II+ and I I" which 
tend to counteract the inverse cascade. The process 
II ~ describes interaction of two negative and one pos-
itive helical modes which is of C(g2) because the nega-
tive helical modes are weakly excited. The interaction 
II+ is also of order (9(e2) as long as the amplitudes in 
the gap which is being filled up are still small. It in-
creases however to (9(E) when the amplitudes in the 
gap have increased to (9(1). We expect therefore an 
initial growth of spatially extended structures which 
after a while become fuzzy and decay. In addition, 
these transitions might be blocked by an appropriate 
structure of the spectral distribution. To elaborate this 
statement, consider interaction (4.12) and assume that 
|ak | and |a p | are 0(1) and |a~ | ~ 0 and k>p. Differen-
tiating the last equation and substituting the first two 
equations for ä*k and ä p gives 

ä~q+ co2(t) aZq = 0 
with 

CD2(t) = \\M\2(k-p)[(k + q)\ai:\2-(p + q)\a;\2]. 

The amplitude a_q will grow exponentially only if 
a>2(t)<0. The process will be stable if 

lak+l2 = 
p + q_ 
k + q i + \2 

V I ' where 
p + q_ 
k + q < 1 , p<k. 

It thus appears that a spectrum of only positive and 
slightly decreasing helicity may be a relatively stable 
configuration. Recently Polifke and Shtilman [39] 
have performed a numerical integration of the Navier-
Stokes equations on a (64)3 grid. They compared 
strongly helical with nonhelical flow and found that 
large initial helicity impedes the transfer of energy 
towards smaller scales. However, for later times the 
flow does not remain maximally helical so that then 
the decay rate in the two cases is approximately equal. 
This behavior fits very well into our qualitative pic-
ture. 

VI. Summary and Conclusions 

We represented the hydrodynamic incompressible 
Euler equations by a set of base flows which are com-
plete. Any possible incompressible flow can be ex-
pressed in the Hilbert space spanned by the base flows. 
We use eigenflows vx(r) of the curl operator in three 
dimensions such that V x vx(r) = Avx(r). Each vx(r) is a 
stationary solution of the Euler equations. To each 
rA(r) corresponds another flow, v_x( — r), which is mir-
rored at the origin and which has a helicity of opposite 
sign. Thus the representation naturally splits into 
flows with positive and negative helicity. 
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From the Euler equations follow the equations of 
motion in 3D for the coefficients of the eigenflows. 
They are nonlinear and can be divided into triplet 
interactions. We find interactions of modes of like 
helicity and of different helicity, which have the 
following properties: 

Interactions of like helicity have an inverse cascade, 
i.e., the simultaneous conservation of energy and he-
licity enforces a flow of energy to smaller wave num-
bers if energy is to flow to larger numbers. The mode 
with the intermediate wave number is either the sole 
donor or acceptor of energy. 

Interactions of mixed helicity need not display an 
inverse cascade. They can transport all energy in a 
transition to larger wave numbers, however, a partial 
migration to smaller wave numbers is also possible. 
One of the two modes of like helicity in a triplet is 
always the donor of energy. These relations are graphi-
cally represented in Fig. 7 and are the main result of 
this paper. 

Our representation of the nonlinear interaction 
term v • Vr of the Navier-Stokes equation appears to 
be applicable to a variety of problems. For example, it 
is desirable to have a set of equations much simpler 
than the Navier-Stokes equations which describe the 
cascading of energy for turbulence in a driven system 
with dissipation. It is possible to derive such an equa-
tion from our representation in a fairly straightfor-
ward way (compare, e.g., Lee [40]). 

Methods similar to the ones discussed here can be 
applied to the equations of magnetohydrodynamics. 
Frisch et al. [41] have shown that under certain con-
ditions energy tends to accumulate in large structures 
of the magnetic field, using a method from equilibrium 
statistical mechanics for dissipationless systems. It 
would be desirable to see that this inverse cascade of 
the magnetic field can be deduced from the equations 
of motion directly, if they are cast into appropriate 
form. The inverse cascade of the magnetic field could 
then also be studied for dissipative systems. 

Another problem is the study of hydrodynamic flow 
which is determined by boundary conditions, e.g., 

D = 0 on the boundaries of a region. In this case each 
of the base flows has to satisfy the boundary condi-
tions. More and more base functions of the system can 
be added according to the level of excitation of the 
system. We will report about these topics in another 
place. 

Appendix 

The expression (hk + ikxbk) can be rotated around 
the /c-vector by an arbitrary phase factor without 
changing its magnitude. We use this property to calcu-
late 

by turning bp, bq, and bk into the plane defined by p 
and q (and k). From Fig. 6 we obtain the components 
of the various vectors: 

A-= (1,0,0), p = (cos aq, sin otq, 0), 

q = (cos ccp, - s i n a p , 0), 

b k = (0,1,0), £ p = ( s i n a , , - c o s a , , 0 ) , 

bq = (sin otp, cos <xp, 0). 

The triple product is now obtained by calculating 
[(»„ x vq) • r_ t ] , where 

vp = (l>p + ip x bp), vq = (bq + iq x bq), 

v-k = (bk — ik x bk). 

The result is (4.6). 
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